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FORMULAS FOR UPDATING THE GENERALIZED INVERSE OF A
SYMMETRIC MATRIX PERTURBED BY A SYMMETRIC RANK
TWO MATRIX COMPOSED OF TWO NONSYMMETRIC DYADS*

by

Sylvia G. Leaver
Garth P, McCormick

1. Introduction

In many applications employing a symmetric matrix and its gener-
alized inverse, the matrix is given in a natural way as the finite sum
of symmetric dyadic matrices and pairs of nonsymmetric dyadic matrices.
That is, if A 1is a symmetric matrix, then A 1is given as:

aij +b.al 1)

Aagdicid;{:-i-z 3+ byay

i=1 : j=1
for some p and q integers greater than or equal to 0, where each
di , aj. and bj are n X 1 vectors and each ¢y is a scalar. For

example, the Hessian matrix of the product of two linear functions

f(x) and g(x) :
2 2 2
VE(x)g(x)] = g(x)V f(x) + £(x)V g(x)
+ Yg(x) (VE))T + vE(x) (Vg ()T

=~ Tgx) (VE(x))T + VE(x) (Vg (x))T

has this structure.

*Much of this material is taken from Leaver (1984).
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The generalized (Penrose-Moore) inverse of a matrix A 1is the

unique matrix, A+ , which satisfies the following four properties:

afa =a (2)
Ataat = at (3)
@)t = ata (4)
@ahHT = aat . (5)

Ben-Israel and Greville (1974) provide existence and uniqueness proofs
for the Penrose-Moore inverse.

When A 1is expressed as in (1), A+ can be computed recursively.
In particular, any pair of nonsymmetric dyads can be written as:

T T 1 T 1 T
ab” + ba” = u K Y VIRV o

where
u=a+ bk ,
v = a - bk ,

k#0,

and A+‘ can be computed recursively as the generalized inverse of a
matrix A perturbed by a series of symmetric dyads. Formulas for up-
dating A+ when A 1is perturbed by a single dyad were found by Meyer
(1973) and McCormick (1976). Meyer's results cover the general case
when neither A nor the dyadic perturbation is square and symmetric.
McCormick's formulas are special cases of Meyer's results and apply when
both A and the dyadic perturbation are symmetric.

In the following, formulas are given for the generalized inverse,
+

B ,o0of B=AG4+ abT + baT for A symmetric. There are nine distinct

cases which must be considered.
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We begin by first defining é matrix P which maps every vector

into the null space of A as:

P=1-4a"a.

The following relations hold:

(1)

(ii)

(iii)

(iv)

v)

(vi)

Pl=1-@nT=1-ata=? by (5).
+
AP = A - MAtA = 0, by (2).
PA = (AP)T = 0, by (7) and the symmetry of A and
@ahHT = at .
Proof:

aata)T = aatTa = 4 by (2).

@ahT = @HTa@hHT = 4T by (3.

CaHTOT = aTa* = ant = @hT by @),
= (aHTa .

a@HDT = AT = afa = @07 by 9,
= ahT .

Hence (A+)T is a Penrose-Moore inverse of A and

+
(A+)T = A by the uniqueness property of A+ .

+,T,T +

aahy = aahHT = @HTAT = a4, by (4), (9) and the

symmetry of A . Thus

P=1-a", by (0.

(6)

(7)

(8)

(9

(10)

(11)
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(vit) Ap=at - atat =o0- )T =pa" .
It also will be useful to recall from Halmos (1958),

(viii) If A =AY , B = B , then

AB = (AB)T (and BA = (8A)) €> AB = BA .
(ix) Rank (A+B) € Rank(A) + Rank(B) , and
Rank(A+B) > |Rank(A) -~ Rank(B)| .
(x) For A an n X n matrix,

Rank(A) + Nullity(A) =n .

Theorem 1:

I1f

Pa =0

Pb =0
and

aTata ba*b - @A 2 # 0,
then
Rank(B) = Rank(A) ,

and

+
T
B+ = (A+abT+baT)+ = | A+ (a,b) 01]ia
10 bT .

+ .+ Tl &+ 01 T +
= A" - A'(a,b) aTA(a,b)+[1o] aTA=G.
b

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

N DO
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Proof: Note first that by (16),
a + 01
[ T]A an+ [21]
b
has an inverse, and from (16) and (17) it follows that
AA+a = A+A =a , (21)
and
‘b = aTab = b . (22)
Now
-
, T
_ 01l]ia .
BG =] A+ (a,b) [l 0] [ T]
| b
B r( T‘ — '-'l( 3
+ + 01 +
A - A (a,b) A (a,b) + ] A
T ? 10 T
e - ~b J - J \ J
—~ ¢ -1r
T) - - T)
+
=a" + G| |2 |ata@,n) + | 01 at
T 10 T
| b7) - - (b")
"o 17 (a7
+ (a,b) 2 é aT A+
L Y] |p
- T T -
_ [0 1 al| + all + 01 ATl +
(a,b) 10 [[bT]A (a,b)] [[ T}A (a,b) + [1 0]] [ A
. b
™. . T .
= aat + (a,b) (1’ (1) a |a
- - (b
I T T “lrp
01 a + a + 01 +
- (a,b) I+[ ] ]A(ab)][ A(ab)+[ ] a (a
o]|,.T ’ . '
i 1 b bT 10 bT
Now
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10 bT

T
BG = AAT + (ab) [0 1] [a ]A+(I—I) VS (23)

Hence (BG)T = BG by (4). Let Q = (I-BG) . Now by (23), Q=P ,
so by (15) it follows that

Rank(B) = Rank(A) .

Then
BGB = (AAT)(A + ab® + bal)
T
= AA+A + AA+abT + AA+ba
=A+abT+baTEB
by (2), (21), and (22). Thus (2) holds. Noting that G is symmetric ' 3
by (20), we then have by (13) that
T o
BG = (BG) < GB = BG i

= (cB)T =GB ,

and (5) holds. Then

-1
T T
+ + a + 01 a + + .
A - A (a,b) [ A (a,b) + ] A ] * AA 4
[ [bT] o] LTJ f

-1, ]
T -

+ + + a |,+ 01 a | + +
A AA - A (a,b)[ T]A (a,b) + [1 0]] T]AAA !

GBG

w =1l
t - At [[aT at@a,b) + [0 1]] al At by (3) ]
A - A a' ’ y 4
oT) 10 1]

G , and (3) holds.

-6 -
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Theorem 2:

If
Pa=20,
Pb=0,
aTA+abTA+b - (aTA+b+1)2 =0,
aTA+a =0,
and b'a™ = 0,
then
Rank(B) = Rank(A) - 2 ,
and
-1
T T
+ + +
B = A - ATA'(a,b) [[aT]A+A+(a,b)] [ ]A+
b T
( -1,
T T
+
- At | |2 ]A+A+(a,b) aT]A+A+
- Lb \b
. 1-1
T
+
+ A (a,b) [ aT]A+A+(a,b) ’—[aT]A+A+A+(a,b)]
[ (b i L
-1
T T
a |+ + +
. [[ T]A A (a,b)] [ T}A
b
=G .
Proof: Note as in Theorem 1, (24) and (25) imply that
+
A Aa = AA+a = a,
]
and ATab = aa™b = b,
-7 -
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(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)
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and from (26), (27) and (28) it follows that

aath = -1 . (33)

Let
T T
F = [01 , = [1% (a%at@,m ] . and b= | |2 |atatat(a,m)
10 T T

Note also that aTA+A+a # 0 (and similarly bTA+A+b # 0), since
A+a = 0=>Pa=a#% 0, acontradiction, and that

alat # wiat for any k # 0 , (34)

since

alAt = At = aTata s wiata=> 0=k -1 = k = 0 ,

another contradiction. Hence

det ¢ = a'ATa%a bTataty - (aTatate)? £ 0

and C has an inverse. Now

T
BG = [A + (a,b)F aT” .
b

T T
+ - - + 4+
[A - atata,b)c llaT}AJ' - at(a,b)C 1[3T]A A
b b

T

T
+ at(a,p)cIpc 1|2 }A*]
b

T ( 'I‘]
+ + - -
= aA" - aatat(a,b)c l[aTJA+ - aat(a,p)ct[2 Iatat

b bT)
T T
-1 - +
~ aat(a,b)ctnct alat+ (a,b)F(a N
b b7
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[ T)
a

(a,b)F T

T
A+A+(a,b)c’1[a ]A+
b

T
+ - +
(a,)F|? |4 (a,b)C l[aT]A at
b

N

T
A+(a,b)C—1DC-l'aT
b

+ (a,b)F a

T

+ o+ - -

= aA" - at(a,b)cC l[aTJA+ - (a,b)c 12 |atat
b

+

bT

T T T
(a,b)F[aT]A+ - (a,b)F [[aT]A+(a,b)] c'l[aT]A+A+
b b b

T T
+ (a,b)F [{aT]A+(a,b)] c'lnc'l{aT}Af R
b b

(2), (10), (30) and (31),

T
(a,b)c 1nc 1[a JA+ + (a,b)F|2_|a

T
+ o+ -
= AA' - A (a,b)C l[a ]A+
b

T . T
- (a,b) FI + F r(aT At (a,b) ] C-llaT}A+A+

- \

[ [ 1) . T
+ (a,b) LI +F [ |a at(a,b) ] c'lnc'I[a ]A+ )

T
I+ F [[aT]A+(a,b)]
b

]
L)
+

[ o
= O
o
[N—
|
[
o
| S—
o
<
~
(3]
O
~

[}
—
|
—
[}
o

(35)
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1N - + -1
- (a*a - Poa + aTA™ + 1z D@ - e + AT
=G’
where
a = aTA+a
Z=bPb .
Proof: Note that by (63) and (64), b'Pb = b'PPb > 0 , and
T +

a’'A a# 0 and thus have inverses. Now
BG = (A + ab + baT){A+ - atarb) W Te - pbrt(atb) At

+ Pb((a+b) Tat (atb) + 2)z72bTp

T

_l _ -
- (a*a - po(a + aTa™ + 1)2 ) o t(a"at - e + aTA™

= aa" - Py - (AA+a)a'1('aTA+ -l + aTaT

+ - -
+ abta” - abTaT (atb)z IbTP - ablPbr (a+b)Tat

+ ab'Pb((a+b) TA  (atb) + 2)7 %P

+ -
+ baa’” - balat(a+b)z 1bTp

T+, ~1, T+ -
b(a A a)a CaTA -z 1(a +aat + l)bTP)
= aat - a7 - aator T

aa_laTA + a0 C (a + aTA+b + 1)bTP + abTA+

abiata + bTa™b)c oTp - aafa® - apTat

+ a((a+b) AT (avb) + D LTe

a(a+1)a-1aTA+

+

- 23 -
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a(’a%a - bTpb(a + aTa™ + 1)z Do 1Tt - £l + &F

A" + 1)b7P)

(66)

+ 1)pr))

a*h + 1)bTP)

ats + DB

P
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Note also that

[A + u é%-uT v ?%’VT)A+V = AAfv + u é%-uTA+v -v é% VTA+v
= v-v = 0
by (46), (47), (57) and (58). But also by (46) and (47),
mtv =y #0 .
So, as in Theorem 3,
Rank(Q) = Rank(P) + 1
and by (15) we have
Rank(B) = Rank(A) - 1 .
Theorem 5:
If
Pa =0, (62)
Pb # 0, (63)
and
alatato, (64)
then
Rank(B) = Rank(A) + 1 , (65)
and

Bt = at - A+(a+b)c'1bTP Pbc;'l(a+b)TA+

+ Pb((atb) Tat (atb) + 2) 7% TP

- 22 -
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- - - +,+ T
- A+(u - vé 1(vTA+A+u))(4aTA+a) ICu - vé 1(VTA A"u)) A*)
- - +
A+AA+ - A+AA+A+VG 1vTA+ - A+AA+VG 1vTA+A
+ ataatvs 2 (v Tatatatyyviat

- A+AA+(u - vé-l(vTA+A+u))(4aTA+a)‘1Cu - vG_l(vTA+A+u))TA+

- A.+v6.1vTA+A+ + A+v6_2(vTA+A+A+v)vTA+

+ atvs 2 TatatyyvTatat - Atvs T3 Tataty) (vIatataty)vIat

+ v NN (u - ve L v Tat A ) (4aTata) L (u - v6 L (vTataty)
AT - atates L TAY - atesl Taat

+ Atve 2 W TatatatyyvTat

- A" - v TR A ) (GaTaTa) I - ve L TaTat ) Tat
+ A+v6-leTA+A+u(l-l))(4aTA+a)-1Cu - VG—l(vTA+A+u))TA+
At - A+A+v<5_lvTA+ - A+v6—lvTA+A+

+ Afvé'z(vTA*'A*'A*'v)vTA+

- A+Cu - vG-l(vTA+A+u))(QaTA+a)-lCu - VG-I(VTA+A+u))TA+

G .

Let Q=1 - BG . Then by (61),

Now (46) and

which implies

Q=P+ atus™ L Tx" .
(47) imply that

Bx = 0 for all x satisfying Ax = 0 s

Rank(Q) 2 Rank(P)

- 21 -
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T-493
1- —£-4a ata + 2 uTatu = 1 - 2 alata - 4aTata + 21
2K 7k
=1-1 K =0 (60)
T2k :
So (60) gives us
BG = AA" - atvs I At (61)

which is summetric by (4). Note

G = GT and B = BT

give us by (13) and (45) that

GB = BG = (GB)®
and (5) holds. Now

BGB = (A’ - Atvs WvIaty(a - v g; v+ u %; ul)

. + 1 T + 1 T
=AAA-AAv T + AA'u T

TA+A + A vé~ l V';— T

- A+v6 v T

T

- 1
+ ) 1vTA+u kYU

-Av

which by (46), (47), and (57)

1 1
= A - v'§§ vT + u Ei'uT

- atvs T 4 ates LT
1 T 1T
= A - v EE'V + u EE u = B
And
GBG = (A'A - Atvs IV TAN) (4t - aTatve L Tat - atus L Tutut

+ At 2 Tatatatyy T

- 20 -

e I e s Mot

P e m o m W

a— s 4 s . s




T-493

aTata = k2Tath , (aTa™b + 1) = kb'A'D
= oTaty = aTata - ¥¥Ta™b = 0, (57)

2

oTaty = aTata + k%bTatb - 2kaTA™ = 2k , and (58)

oTaty = aTata + k2bTa™ + 2kata’™s = 4a’ata - 2k (59)

21

+ -1 T+

BG = AA+ - Avé VA - vé-lvT ot

AA
+ Vd-z(VTA+A+A+V)VTA+

1 T+ 1 T,+,+ ~1 T+
-V oV A +v TN AAvS VA

+ -1 T +,+ -
L Tt 1 Tarar - o L JTatus 2w Tatatatv)vTat

VK 7K

- (u- vG-l(vTA+A+u))(4aTA+a)—1(u - v~ wTatatu)) At

+ - - -
+ v.gt'vTA (u - vé l(VTA+A+u))(4aTA+a) 1(u - vs 1(VTA*A+u))TA+

.

1l T+ 1l T+,+ .-1T,+
+u T A -u 7k U AA VS “vA

1 T+ - -
-u EE:uTA u(AaTA+a) 1Cu - w8 l(vTAfAfu))TA+

= AA+ - A+v6.1vTA+

+ -
+u(-aTatay)ta - o= 4a'Ata + %%-uTAfu))uTA+

-1, T,+,+ + .-
+ u(s oAt At 4Ty T - - 4aTaTa + o WM )VTAT

»
Y

+ (8t Tata W salatay 7l - 1))u"at

AW o

+ v(8 2o At A w2 aTatay -1 + 1))vTat

Now

A‘;,_:".._Lﬁ_» i

- 19 - b
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aTatabTa*h = (a*a’p + 12 = aTata = bTa™ (54)
and also that
aTath + 1 = kwIa™ = k = (ata’h + 1) /bTa™D . (55)
Note also that
T T 1T 1T
B=A+ ab +ba-A+u—2—Eu-v2kv . (56)
So we have
BG = [A -v ?112 vl 4 u i uT] [A+ - atates L Tat - atvsTLvTatat

Now

s ~ R i N N
FRPNE. L LW VLA WA AP . A Sy

< e Lt . . . .
APE. VDL WU AW, G DR SO R P U S AR YUTUT R WAL VPR ST . WU W W

+ A+V6—2 (vTA+A+A+v)vTA+

- A (u-ve t o Tat s W) eatata) (- sl (vTA+A+u))TA+]
-v zik vT] (at - Atatvs LIt - atve~hvTatat

+ Atvs~ 2w Tatatatvyviah)

1 .T),+
[A vZkv]A(u

e (u- vé-l(vTA+A+u))TA+

- VS—l(vTA+A+u)) (4a A a)_l

1 T+ 1 Tyt L T+

+u§EuA - uoe AAVS vA
-u L uTA+v§—lvTA+A+
2k
+ u Z_lk_ uTA-'-vé-2 (vTA+A+A+v) vTA+
-u —ZLIZ uTA+Cu - vé_l(vTA+A+u)) (4.':1'I‘A“-a)-'l

L 4

(u~ vel (vTA+A+u))TA+ .

- 18 -
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Theorem 4:

I1f
Pa =20, (46)
Pb=0, YD)
a’Atab’a*s - (aTa%b + D2 =0, (48)
alata #0, (49)
bA™s # 0, (50)
then
Rank(B) = Rank(A) - 1 . (51)
and
BV = at - atatvetLyTat - atys Ly Tatat
+ A+v6—2(vTAfA+Afv)vTA+
- A+(u-vd-l(vTA+A+u))(4aTA+a)-1Cu-vd—l(vTA+A+u))TA+ j
=G, (52) ]
o
where !
u=a+ bk, g
g
v=a- bk, A
-]
k= (alath + 1) /bTA™ , and
§ = vTA+A+v .
Proof: Note first that (48), (49) and (50) imply that
+
ala™ 4 -1, (53)
and that
- 17 -
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- - - +
ataaTata sy - by M(aaTata™pye ™! - v)Ta
+ atag Ta-1atatat + atag 2 (atatatata) 1-1)a’at

+ atagI((aTatata) (aTatahye ! - (aTataTo) )yl

. Cﬁ(aTA+A+b)B-1 - b)TA+,

by (3),

v

+

= A - A,+A+aB'1aTA+ - atag~taTa*at 4 A.*'as'z(aTA+A+A+a)aTA+

v
[

AtCaat a8t - By laaatatp)st - v)Tat

G L]
2 Let Q =1 - BG , which by (45)

=P + A+aB-laTA+ .

Now from (37) and (38) it follows that

Bx = 0 for all x satisfying Ax=20,
so
Rank(Q) 2 Rank(P) .

Now by the same argument as in Theorem 2,

! B(A+a) =0,
but

;’ Mfa=ato
Ei' by (37). So it follows that
- Rank(Q) > Rank(P) + 1 ,

‘o ‘
t‘ and by (14) that i
i. Rank(Q) = Rank(P) + 1 , I
E ‘ and by (15) that ]

e

Rank(B) = Rank(A) - 1.

- 16 -
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BG = GB = (GB)T s

and (5) holds. Now

8B = (aAt - aTaglaTat)(a + ab® + ba))

= aata + aatabT + aa'bal - ataglaTata

- 4+ -
- A+aB laTA+abT - A aB 1aTA.+baT

= A+ abT + baT - A+aB-laT +A+aB.laT .

B TR

by (2), (37), (38) and (44),

=A+abl +bal =B,

and (2) is satisfied. And

TR

+ + - + -
GBG = (A'A - A aB 1aTA+)(A+ - atataglaTat

P

+ - + - +
- A aB laTA+A+ + A aB 2(aTA+A+A+a)aTA

- at(a@Ta™a )8! - by L(acatataty)st - b)TA+)

+ - -
= A AA+ _ A+AA+A+aB laTA+ _ A+AA+aB laTA+A+

atantaa2caTatatat

+ atantag 2 Tatatatayatat

At (a@at i e8! - by M(acaTatat et - b)Tat

- + -
- atagLaTatat + atap 2(aTatatata)alat

F- ++ 4 -
+ aTag 2 Ta A aa At At - atag 3aTatataaTata AT a)a At

+ - 4+ - - -
+ atag taTatat(aa™at a8 - )y M(acaTatath)g ! - b)Tat

+  ++ - -
= A - A A+aB laTA+ - AfaB 1aTA+A+

ey ik | -v‘Tr'Y'v“'_w",".'-

+ - +
+ atag 2(aTatatata)a’a

-15 -
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: + -1 T+ + ~1T++
BG = (A + ab® + baT)(A+ - atatag Tt - atag7laTaa

+ atag 2aTatatatayatat

- A+(a(aTA+A+b)e - b)y'lca(aTA+A+b)e'l - b)tat
"AA+-AAA BlT+-AA BlT+A+
+ aatag 2(aTaTa A a)a A"
- amat(a@Tat Ayt - by M(aaTatatpy)s7t - b)Tat
+ abTA - abTA+A+ 8 1aTA+ - ab A aB 1 T +A+

+ ab A aB 2( TA+A+A+a)a A

- - +
- abtat(a(aTata )8! - )y M(a(aTatathye! - b)Ta
+ baT * . palatata B~ T * ba A aB -1 a’ atat
T+ -2, T+ +,+

+baAal “(a’AAAa)a A

- bala (a(aTA+A+b)B b)Y-ICa(aTA+A+b)B b)TA+

+ +
= aat - ataglaTat ¢ a-g7! +s7halatat

a((a'ata'p) %875 a-1) + @aayeta-n)aa

+ a(@atatbyely T + 1 - DpTat

+b(@Tatatmely ta-n + 1 - 1)atat

+ bt -y hela

- AAT - A+aB-laTA+ . (45)

which by (4) is symmetric. Note that G is symmetric. Then by (13)

and (45) it follows that

- 14 -




st Rre e S0 B ots M Beat moes Bos AasuBas dage hat esd s el ds < i de e an e W e dge Sae San ans e Bl Sau Jhan aar SR b e e TR IO R I T e .-

j T-493

Theorem 3:

If ?

Pa =0, (&¥)) )
Pb =0, (38)
atAtab’a™ - (@A b+)2 = 0 , (39)
aTA+a =0, (bTA+b = 0) (40)
and At 40, (atata # 0) (41)
then
Rank(B) = Rank(A) - 1 , (42)
and
B = A" - aTatag7laTat - atag7laTatat :
+ atag 2 (aTata At aya At é
- - - + :
- A" (a@"a a8 - by (aaTatat)e ! - b)Ta -_
-G, (43) 3
where i
3
B = aTA+A+a , and R
and %
' Y = ba'b . -
r" i
F Proof: Now aTA+A+a # 0 for aTA+A+a = () = A+a =0 = .
Pa=a# 0, a contradiction. Thus aTA+A+a has an inverse. Note ?
[: also that bTA+b # 0 by assumption, and hence has an inverse and that i
¢ .
by (39) and (40), _
atAth = -1 . (44)
- 13 - .
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e .... ' ). -,

T
+ A+(a,b)C-1DC_1[aT)A+ . by (33)
b

G .

Let A=1

BG , which by (36)

T

=P+ A+(a,b)C-lla ]Af .

Now by (34) it follows that

+ -1[a| +

Rank (A (a,b)C T A ) = 2,
b

Hence by (14) we have
Rank(Q) = Nullity(B) € Rank(P) + 2 .

Now (24) and (25) imply that Bx = 0 for all x satisfying

Ax = 0 , which implies Rank(Q) 2 Rank(P) . Now B(A+a) =0 .

Proof:
. |
a + aatabTata + aatbaTata)ata = aata + aatabTata
T
aatba aTa

which by (27) and (33)

= AA+a - AA+a =0 .
Similarly, B(A+b) = 0 . So by (24), (25) and (34) it follows that
Rank(Q) = Rank(P) + 2
and then by (15) that

Rank(B) = Rank(A) - 2 .

-12 -
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| T T
GBG = [Af' A+A+(a,b)c“l[aT]Af - Af(a,b)C'l[aT]AfA+
b b

T T
+ A+(a,b)c'lnc'1[aT]A+] . [AAf - A+(a,b)c'1[aT]A+]
b b

T
= ataat - atat@,p)c3 |at - A+A+(a,b)c'1[aT]Af"AA+
b

T
+ atata,p)ct|? AfA*(a,b)c'I[aT]A+
b

- at@,mct |ATATA

T
+ aT(a,b)c7t|2 |a*aTat (a,b)c 7t aT]A+
(b} b

T
+ AT, pycIpct 2 NN

lija

- ata,b)c Inc at(a,b)ct

T
a

bT

=at - A+A+(a,b)C-1[ ]A+ - A%, p)ct|2 [ata

T
-® + A+(a.b)c'lnc'1[aT]Af
.
-
\" T ]
t RO U LR A+(a’b)] oA
] b .
o
) by (3), (31) and (32),
8 T . .'
h—-
5 = A+ - A+A+(a,b)c llaT]A+ - A+(a’b)c-llaT]AfA+
o b b

oy

4
e

- 11 -
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T
BG = AAT - A+(a,b)C-l[aT]A+ , (36)
b

which is symmetric by (4).

Now

G =G 80 by (13)

BG = GB and by (36)

= (GB) = GB and (5) holds.

T T
[AA+ - at@,pc l[aT]A+] [A + (a,b)FIaT]]
b b

T
aata + AA+(a,b)F[ ] - A (a,b)C-l[aT]A+A
T

T
+ ~1l|a
- A (a,b)C A (a, b)F

T T T
A+ (a,b)F[aT] - 2T, et [1 + [aT}A+(a,b)F] [aT] ,
b b b

by (2)9 (31) and (32),

So

BGB

T
A+ (a,b)F[aT] by (35)
b

B L]

And

- 10 -
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- a( +1)a.—1§-1(a + ala™ + Dbop |

+ ba'At - b(aTata + aTa*b)c lbTe
- batat + bz i@ + aTa%o + 1)bTP
= st + (1 - aaHpr e
+ a[;"l(-l +al@+ ata™ + 1)(1-1) - a'a™ - bTa™
+a+b A +2aA+2-0a-a’aA™ - 1)]bTP
= aat + Pz TP C(67)
which by (4) is symmetric, and which with (13) and the symmetry of G

and B implies that GB = (GB)T » and (5) holds. Now

BGB = (aA + Pbz 1bTP) (A + abT + bal)

aata + aatabT + aa™bal + PbzbTPbal

= A+ abT + (I - AA+ + AA+)baT .
by (2), and (62),

= A+ abl + bal

=B .

And

GBG

afa + Pbc'leP)[A+ - Aty e

- bz F(a+b)Ta" + Pb((atb) Tat (atb) + 2)z"%Tr

- (A*a - pbia + a"a%b + Dz Dot (Tat - c 7o + 2Tt + 1)bTP)]
= atant - AT AL @) T - ataataal(Tat - e + aTat + 1)bTR)

- Pbz 2bTPb(a+b) TaT + Pbr 3bTEb((atb) TaT (atb) + 2)bTP

- 24 -
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+ Pz % b (o + a"a™s + Da (Tt - 7 @ + aTats + 1Y),

which by (2),

Let Q=1

= A" - At @) T - porL(atn) Tat

+ Pz 2((a+b) Ta (atd) + 2)bTP

- (a*a - Pb(a + aTa*b + 1)z Ve l(Tat -

G .

- BG . Then by (67),

Q=P - pbz LpTp

and by (14),

Rank(Q) 2> Rank(P) - 1 .

We also have by (63) that

Note also that x € Range(B)

b € Range(B) but b ¢ Range(A) .

Rank(B) 2 Rank(A) + 1 .

But (15) and (68) give

Rank(B) € Rank(A) + 1

so it follows that

Theorem 6:

If

and

' e tmala . A

Rank(B)

Rank(A) + 1 .

Pa =0

Pb # 0,

- 25 -
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aAa=0. (71)
then
Rank (B) = Rank(A) , (72)
and
- +
8* = p* - b vvIn D) " NTD
- D+v(vTD+D+v)—1vTD+
+ bt I ' v) "2 (vIo' o ptv)vin' (73)
=IG’
where
u=a+b,
v=a-b,
D=A+u %-uT ’
and

p" = ot - PobTPb) LuTat - atuTeb) LpTat

+ Pb(bTPb) Z(ulatu + 2)bTP = ¢ . (74)

Proof: Note first the following:

T T
(1) From (70) it follows that b Pb = b PPb > 0 and thus has an inverse.

(11) DC = [A +u %- T](A - po(breb) tuTat - atuTen)~lnTe

+ Pb(b Pb) "2 (uTaTu + 2)b7P)

T, +

= st - astuTeb) ThTat + o & WTA

N

-u %-uTPb(bTPb)-luTA+ -u

uTA+u(bTPb)bTP

N

- 26 -
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+ u-l

2 Tob(bTpb) 2 (ulaty + 2)biP

- aatuTep) 1 Te

- u'% ulatuTer) ol + u~% wTatu + 2) meb) Lo Te

= Aa" + (1 - aah) wbTeb) 1oTe

= aat + oo Tep) TP (75)

T

which by (5) is symmetric. Now from C = CT and D =D , (13)

and (75), it follows that DC = CD = (CD)' and (4) holds. Then

oo = (aat - povTep) " TR) (A + u-% ub)

=asfa+ afu " - et TP 2 T,

which by (2) and (69)

=a+atul ] T -

1
2 —Pbiu

= A+ (I- AA+ + AA+)u-% uT ,

by  (69)

= A+ u l-uT

2 E D .

And

+ -1 T+ -
coc = (a7 - pobTeb) tutAt - ATu(nTeb) lpTat

T - + -
+ Pb(b Pb) "2(uTaTu + 2)bTR] (At - PbbTPb) " 1bTP]

-
A
T
.-l
[

+ + - - ~1

= ataat - P bTeb) TuTaT s’ - atu(eTen)LpTatant -

- Pb(bTPb) "2 (uTatu + 2)6Teb (b Ten) b T :
which by (3) P
- 27 - N
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(1ii)

(iv)

= DD+ - DD+D+V(VTD+D+V)-1VTD+
L
] - + -
- DD+v(vTD+D+v) 1vTD D+ + DD+V(VTD+D+V) 2(vTD+D+D+v)vTD+

3

’ -v %‘VTD+ + vT %-(VTD+D+v)(vTD+D+v)-1vTD+

@

:.

b

;-., - 28 -
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- -1 T+
= at - pTep) LuTat - atuwTeb) IbTA
- +
- Pb(bIPb) Z(ulatu + 2)bTP Z C .
+ +
Thus C=D ., Let R=1I-DD . Then by (75)
R=P - Pb(b'Pb) 1b'P ,
and by the same arguments as in Theorem 5,
Rank(D) = Rank(A) + 1 .
(1 - b )v = v - aatv + Pb(bTpb) lbTPY
=(@-mt-1+mhHv=0, (76)
S0 vTD+D+v # 0, since
ptv=0=a-Hv=v#o0,
) T + 4+ )
a contradiction. Thus v D D v has an inverse.
vIoty = viatv + 2 uTatv + oTatu = 4afata + 2 = 2 an
Now
BG = [A + u-% ul - v-% VT]CD+ - ooty 'ty vint
- + -
- ot 0 w) " HID DT + oty ptv) "2 (vIn ot v)vinh)
= p-vaxv (o - p'p*vwtoty)LvTnt

2

+ + -1 T + -
- ot ) " WIn'ot + ptvv o ptv) 2 (v Tptp vy vIDh)




L

-
-—
n‘.
i_.

o

r .
h"'
" 4.
>

-

(v'otv) (vIototvy~LvTotot

+
<
o=

Tty -2 (v Ttnt oty v It

-v (vTD+v)(v DDv) (vDDDWVV

N

= " - ptveTntpty) 1vTpt

T+ + -1 T + + -2, T

IR A ir i At et et iiad At e R it At

-v(vDDv) vDD + v(vTD+D+v) (vDDD v)vTﬂ+

-v %-VTD+ + vT~% vTD+ + v(vTD+D+v)-1vT

- v(vTD+D+v).2(vTD+D+D+v)vTD+

= DD+ - D+v(vTD+D+v)-lvTD+ ’

T

and BG =

which by (4) is symmetric. Since B =B , G = et

(86)" , then by (13) it follows that GB = BG = (GB)T , and (5)

holds. Then
6B = (00" - p'v(vIp ot v) Lo ) - vzvh
= pp'p - ppty %‘VT - D+v(vTD+D+v)’lvTD+D

+ D+v(vTD+D+v)-l(vTD+v) % vT

1. T
D-v 2 v
E B L]
And
+ + + 4 - -
GBG = [D'D - D'v(v' D Dtv) L Tnty [t - o' ptv(vIntpty) Ly Ipt

- D+v(va+D+v)-lvTD+D+

T + +

+ D+v(v DD v)—z(vT *otpt

D'DD v)vTD+]
= p'oot - ptoo*D v (vIn o vy "L Tpt

- 29 ~
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- D DD v(v D D v) 1 T +D+

+ -
+ p'op vvIn o) "2 (vt oty vint

-1 T +5 +

D (v D D v)
+ D+V(VTD+D+V)-2(VTD+D+D+V)VTD+
4+ D (v D D v) 2( TD+D+ ) TD+D+

- D+V(VTD+D+V)-3(V DD v)( TD+D+D+ ) +

+
or - D+ (VTD+D+ ) l T +

- p*vvintotv) LvTptot

+D v(v D D v) 2( TD+D+D+ v T ¥

.

G .

Let Q=1-BG. Then by (78) Q = R + D'v(v'D'D'v) TvIpt |

which with (15) implies that

Rank(Q) € Rank(R) + 1 .
+ +
Now B(D'v) = (D - v-% vh)dtv , which by (76) and (77)

av-v=0,
It also follows from (76) that Bx = 0 for all x satisfying

Dx = 0 and

DODv) =v#o0.
Hence
Rank(Q) = Rank(R) + 1
which with (15) implies

Rank(B) = Rank(D) - 1 = Rank(A)

- 30 -
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Theorem 7:

If
Pa 0, (79)
Pb ¥ 0, (80)
and Pa # Pbk for any k # 0 , (81)
then
Rank(B) = Rank(A) + 2 (82)
and
raT ™ aT
B" = at - P(a,b) |P@) oA
b b
T) “Lm
+ a a
- A (a,b) T P(a,b) T P
b} (b
T e T e
a a| . 01 a a
+ P(a,b) T P(a,b) T A (a,b) + [1 0] T P(a,b) T P
b b b b
=G . (83)
Proof: Let
T
a 01
c- [[]<>] e- 01
and

D = H::]f(a,b) + [‘1’ é:]:l :

Note first that (79), (80) and (81) imply that det C = aT

Pa bTPb -

(aTPb)2 # 0 and hence C has an inverse. Now

- 31 -
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IR IRt S

BG

b}

T
= aat - AA+(a,b)c°1[a JP
o7

rTT
+ (a,b)F|? At - (a,b)F [

o|B+ p(a,b)c'lnc'

\

7) (
= [A,+ (a,b)F aT ] A" - p(a,b)ct oA
b b

1

T T
o P(a,b)} ¢t 2 At
b b
T T
a -1_.-1l|a
T P + (a,b)F l:[bT]P(a,b):l Cc °DC L)

() 3
- (a,b)F aT A*(a,b)c'l[a
(b b")
+ + -1 aT 'aT‘
= AA - AA (a,b)C P + (a,b)F
T T
b tb )

T
- (a,b)F[aT]A+ - (a,b)F(D-F)C 1|2
b

-1 aT‘
+ (a,b)F D C P
T
b
(T
= aat - mat(a,byc?

A v - A L A et e e e L B e A
Aol S et Pl ol o AN e

T
aT]p + (a,b)F F c'l[a P
b T

T
= aat + (1-aah @a,p)ct 2P s
b

since FF =1

T
= aat + p(a,b)c 2 [P,
T

which by (4) and the symmetry of C is symmetric.

symmetric, then by (13) and (56)

T-493

T
TP

A+

b

(84)

Now since G is

BG = GB = (GB)' so (5) holds.

So

- 32 -
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' l: + -1 aT [ aT j,
BGB = | AA + P(a,b)C T P||A+ (a,b)F T
b b

And

GBG

Let Q=1

= aata + aat(a,p)F

\

+ T)
= A+ AA (a,b)F aT
b")

=A+ At +1 - AA+)(a,b)F[

aT
= A+ (a,b)F bT

=B.

[;+A + P(a,b)C—l{

. [;

- P(a,b)C—l

= ataat - ataat(a,b)ct

+

b

G L]

- BG . Then by (84)

Q=P - P(a,b)c'1[a

b

+ P(a,b)F[

b

|

)

[T

3 | 4 p(a,b)ct [ al P(a,b) | F a’
T . T o T
T

a

bT]

a

bTJ

- 33 -
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a
bT

T
]A+ + P(a,b)c’lnc'l[

(T
P + P(a,b)c tpc 1|23 ]P]
T oI

{ T ) r T
2 1P - P(a,b)cL] |2 |pca,b) | ¢t
\bT] b7
T T
P(a,b)C L [[aT]P(a,b)} C"ch'l[aT
b b

T
at - A+(a,b)C_l[aT]P - P(a,b)C-ll

a
b
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From (81) it follows that -]
-1 aT .J
Rank | P(a,b)C P|=2
T
b
and then by (14) _
Rank(Q) 2 Rank(P) - 2 .
Now Px = 0=>Qx =0 . Note also by (79) and (80)
P*Pa = Pa # 0
P*Pb = Pb # 0
but
T
QPa = Pa - P(a,b)c 1|2 P2
b Pb
1 .
= Pa - (Pa,Pb)[o] =0, :
and similarly '{
QPb = 0 . 1]‘
!
Then by (81) it follows that li
2
Nullity(Q) 2 Nullity(P) + 2 , v
which with (14) implies \}
Rank(B) = Rank(B) + 2 . 4
é
Theorem 8: N
1f R
24
Pa# 0, (85) L/
Pb # 0 , (86) ;
)
Pa = Pbk for some k # 0 , (87) A
-}
and !
y
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(a-bk) Tat(a-bk) - 2k # 0 (88)

Rank(B) = Rank(A) + 1 (89)

- 1. T +
gt = ot - atua LTt - paylal(at + blw) A

1.-1
- atat + by Ia"aTe
+ pav A L atab Tt - (2Tt + DDaTp (90)

’G,

aTPa - aTPb
aTPb bTPb

b

<
[]

a - bk ,

vTA+v - 2k ,

>
L]

P = aTPa ’

7= kbTAT - k(aah + 1) ,

aTA+a - k(aTA+b + 1)

€
[

Proof: Let u = (a + bk). Note the following:

From (85) it follows that a'Pa = a'PPa > 0 and from (88) it
follows that A # 0 and so each has an inverse.

At (at + bkw)2

= at(a(k%Ta™ - k@@ A" + 1)) + bk(a'aTa - k@"a' + D))

A (a(t - v L@"ta - kBTat)) + bk(a + A7 A - k%b7a*b)))

atu - atat

vTA+u = (A+ - A+vX-1vTA+)u . (91)
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From (87) it follows that

and

AA+V = A+Av s v ., (92)
A - v-%i vT)(A+ - A+vk—lvTA+)
= axt - LTt v-%t viat 4 v-%t (VTA+V))\-1VTA+

+ -1 1 l -1 T+ T +
AA - v(A T+ TR ATVCATVIVA

= AA+ + v(x‘l é% (vTA+v - 2k - A)JVTA+

- aat . (93)

awiatu - wlatv)? + 210

2T+ 2 .2, T+ .2

b Ab) - 4k¥(aTatb)? - 2k(aTata + k2

+
(atata + k blath + 2kalatp)

+ .2 +
- @ata)? - @B Tats)? + 22aTaabTats

+ 2k(aTata + K%6TA™ - 2kaTatd) - 4K2

T+ . T+

4sk®(aTatabTa™s - (aTap)2 - 24T

A - 1)

AkZCaTA+abTA+b - (a'a*b + 1)2) . (94)

Now

1 T
BG = [A - v T + u

+ -
f%'uT][A+ - A vi lVTA+

- pay A at + by Tat - at(at + by~ 1aTp

+ Paw'zx"lkz(aTA+abTA+b - @' + 1)%)aTp]

- 36 -
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L Tyat - At Tah

v L VT)(A+ - A+vk—lvTA+)u-% w_laTP

uPaKJ) —Z-uA

- + +
uTPa (] 1% uTA vA 1vTA
(uTA+ ) %_w—l TP

uTPay A k2 (aTatabTa™s - (aTath + 1)D)aTr

which by (93) and (94)

+

AA

1 -1T

- AA+u =y "a’pP

1

2

-li

+ u{i vt = A oty + WAt 2

AA+ + Pu(uTPu)-lu

+
AA

+ 4k? aTaTapTa%s - (aTa*b + 1)2)]aTP

- anty %-w-laTP

1 -1 1 .-1 +

3 Y 7k A C'AUTA u + (uTA+v)2 + KuTA+u
- (uTA+v)2 + ZkA) aTP

+ 1 T 1 -1T7T

- AAu w—lu P+u—-¢y "uP

4 4

Tp | (95)

which by (4) is symmetric.

L
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1 T
D=A+u 7K u

Rank(D) = Rank(aA) ,

and ﬁ+ is given by Formula (106). Now by (19), Rank(B) =

Rank(A) , which will occur if and only if

(I - Dﬁ+)v =0 and

vipty # -2k .

By the interlocking eigenvalue property, B will remain positive
semidefinite if and only if

Ity < 2k <> akl[aTatapTa™ - @A™ + D2 <0

T+ T+

«> aTatapTa™h - @la™b + 12 <0 .

Corollary 2:
If
Pa =0
and
Pb # 0 ,

then B will be indefinite.

T +
Proof: By Lemma 1, a A a> 0 so the conditions of Theorem 5

hold. Define

u=a+ kb
v=a-kb
for some k> 0 . Then u-gt uT is a positive dyad, Pu # 0 ,
D = A'+IJ-£'UT will be positive semidefinite, and Rank(D) = Rank(A) + 1 ,

2k
which will occur if and only if

- 51 -
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demicaedlil i,

1:-£-uT is a positive dyad and D = A+ u é% uT will be posi-

2k
. . 1 T, + . .
tive semidefinite. Note also that 1 + T A u> 0, which with

+
Theorem 10 implies that Rank(D) = Rank(A) and D 1is given by

Bl b

Formula (106). By (51), Rank(B) = Rank(A) - 1 , which will occur

ke

if and only if

(I - D+D)v = Q0 and

vTD+v = -2k .

concnsdl Al i

Now

T + T+

vDv = vAvV- (vTA+u)2(2k + wT

A+u)-1 = 2k
<> vty - 21 2k + uTaty) - (vTat)? = o

4
<> 4k2(-2aTatb - 1) + (atata + 2bTaTH)2

+
- (2ka’ath)? - (aTata - ¥¥bTaT)2 = 0

<> 4k’[atatabTaty - (@Ta™s + 1)2) = 0

<> aTATapTatb - @A + 1)2 =0 .

If k< 0, the roles of u iL-uT and v - ---l—-vT as positive
2k 2k
and negative dyads are reversed, and the same result obtains.
T+ . T+ +
Suppose a A ab’'A'b - (aTA b + 1)2 < 0 . Then the conditions of
Theorem 1 hold. Define
u= (a+ bk) and
v = (a - bk) for some k > 0

l T
As in part (i), u—=—u is a positive dvad, Pu = 0 |

7k
1+ %% wlatu > 0, and for

-

- 50 -
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Y. ] O

Now Pa=0, a# 0= a=E* , where E* = [el,...,ek] is the

. o

n x k matrix of eigenvectors of A associated with nonzero eigenvalues,

and w 1is the k X 1 vector whose ith element is Ai'eza , i=1,...,k .

Then

aTA+a = wT(E*)TEA+ETE*w

= wT[Ik,O]A+[Ik,O]Tw

= wT(X*)+w ,

where A* 1is the positive definite k X k diagonal matrix of nonzero )
eigenvalues of A , giving d
T+ °
a’Aa>0. .
Corollary 1: -
1f 5
Pa =0, ]
and g
Pb =0 o
v
then a necessary and sufficient condition for B to be positive semi- .
definite is that B
-\
+ + ]
atatab’a™ - @Ta"b + 1)% <0 . ®
-
Proof: There are two cases. :j
T+ T+ T, + .
(1)  Suppose a'ATablAtb - (a’A'd + 1)2 = 0 . Then by Lemma 1, the :
o
conditions of Theorem 4 hold. That is, conditions of Theorems 2 B
and 3 cannot hold for A positive semidefinite.
Define u , v, and k as in Theorem 4. If k > 0 , then ?
.
- 49 -
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will equal the rank of A . In either of the above cases, B

will remain positive semidefinite.

For values of ¢ less than the above, that is, if ¢ < -(aTA"ha)“1 ,
the new eigenvalue will shift below zero, rendering B indefinite.

Suppose, as in the process of building an estimate of the posi-
tive part of a matrix, it is desired that B remain positive semidefi-
nite. Then by the reasoning above, we see that in the case that ¢ <
—(aTA+a)-l » a fraction of the dyad, namely adaT for any —(a,TA"-a)—1 <
d <0, could still be added to A , and B would remain positive semi-
definite.

It will next be useful to examine the effect on the definiteness
of a matrix of a rank two perturbation of the form (abT + baT) . This
effect can readily be demonstrated by regarding (abT + baT) as the
successive sum of two —— one positive and one negative -- symmetric rank

one perturbations.

%;
|
|

As before, let A be an n X n symmetric positive semidefinite
matrix and let a and b be n X 1 vectors. Let B = A+ abT + baT

: +
and P=1-~-AA.

Lemma 1:

e A AN A 2 ... . GRS .

If Pa=0, a# 0, then aTA+a >0 .

Proof: A positive semidefinite implies A = EAET ,» where E is {

T

the n X n matrix of eigenvectors of A, E'E=1, and X 1is the

n X n diagonal matrix of eigenvalues of A , where the Ai’s are

ordered so that A, 2 A, 2 ... 2 X .
1 2 n

- 48 -
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If ¢ 1is a positive scalar, then depending on whether Pa = 0

or not, the rank of B = A + acaT will remain the same or in-
crease by one. In either case the eigenvalues of A will shift
in a positive direction and B will remain positive semidefinite.
If ¢ 1is a negative scalar and if Pa # 0 (this can only happen
if A is not of full rank and therefore has at least one zero
eigenvalue), then by the interlocking eigenvalue property one of
the zero eigenvalues of A will decrease and become negative,
leaving B indefinite.

If ¢ is a negative scalar and if Pa = 0 , then

B=A+ AA+acaI
and all elements of the null space of A are elements of the
null space of B . In particular, all eigenvectors associated
with the zero eigenvalue for A , if any, will also be so for B .
Now for a # 0 , there exists some smallest eigenvalue of A of
multiplicity N whose associated eigenvectors are not all orthog-
onal to a . Then by the interlocking eigenvalue property, this
eigenvalue (or one of these if N > 1) will decrease to a value
B which solves aTE(A-BI)+ETa = --% , where A = E)\ET is the
eigenvalue-eigenvector decomposition of A . In particular, if
the scalar ¢ satisfies ¢ = —(aTA"-a)-l ,» then the new eigenvalue
B will be zero and the rank of B will be one less than the

rank of A . For values of ¢ greater than the above,

the new eigenvalue will be positive and the rank of B

- 47 -

Ve

N D W T

:
:

IR RN | L LA, Sy | PO gD )




d

R Sash A & At A A" a" G R At A ACE SR AN . W et A ANR o S A A R AU

N e ~ ~

T-493
(i1) If
Pa =0
and
1+ caTA+a =0,
then
Rank(B) = Rank(A) - 1
and
Bt = ot - atatag~laTat - atap laTatat
(107)
+  atag?@Tatatatay)atat
where B = aTA+A+a .
(iii) 1If
Pa# 0,
then
Rank(B) = Rank(A) + 1
and

+

Bt = o" - pay~laT

1T

at - A+aY- a’pP+ PaY-ZCc-l

+ alata)a’P ,  (108)

where vy = aTPa .

Following the above results and the interlocking eigenvalue theo-
rem [see McCormick (1983)] we can make the following observations:

Suppose A 1is an n X n symmetric, positive semidefinite ma-
trix which is perturbed by a dyad of the form acaT where a and ¢

are defined as in Theorem 10. Let P =T - AA+

- 46 -
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3, Computing an Estimate of the Positive Part
of a Symmetric Matrix and Directions of
Nonpositive and Negative Curvature

The results of the previous section can be directly applied in de-
termining the definiteness of a matrix A which is given by (1), and
in turn computing an estimate of the positive part of A and its asso-
ciated directions of nonpositive and negative curvature.

It will first be useful to state the following results concerning
symmetric rank one perturbations due to Meyer (1973) and McCormick

(1976). Statements and notation are as in McCormick (1976).

Theorem 10:

Let A be an n X n symmetric matrix, a an n x 1 vector,

and c¢ a nonzero scalar. Define

P=1-AA and
B=A+ acaT .
(1) 1f
Pa =0

and

1+ caata #0,
then

Rank(B) = Rank(A)
and

+ o+ 4 - -
B = A" - aTa(c™! + aTata) taTat . (106)

N e e e A A S T
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Let Q=1 - BG . Then by (105)

-1. T +
Q=R+ D+v(vTD+D+v) IVTD

and

Rank(Q) € Rank(R) + 1
by (14). It follows from (104) that Bx = 0 for all x satis-
fying Dx = 0 . Hence

Rank(Q) 2 Rank(R) .

1 T, .+
v TN J)D'v

Now B(D+v) ( -

= DD+v - v-%; vTD+v ,» which by (99) and (102)

But DDTv = v # 0 by (102), so we have
Rank(Q) = Rank(R) + 1
which with (15) gives

Rank(B) = Rank(D) - 1 = Rank(A)

- 44 -
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(iv)

Nullity(R) 2 Nullity (P) + 1

and

Rank(R) = Rank P - 1
or
Rank(D) = Rank(A) + 1 .
(I - DD+)v a2y - AA+V + Pa(aTPa)—laTPv =y-v=20,
by (102). So VD'D'V # 0 since D'V =0=> (I - DD)v

+_+
a contradiction. Hence vTD D v has an inverse. Now

T 1 1 T
BG ([A+u KUYV Y ] G
1

=D -V vt - ooty intotv) "Ly Ipt

- D+v(vTD+D+v)'lvTD+D+

+ + + -
+D v(vTD D+v) 2(vTD+D+D+v)vTD+]
= oo’ - pYvint oty LIt

by the same process as in Theorem 6, and

BG = (BG)T

by (4). Sowe haveby B =3B ,G=G', BG= (BG)

Mdat 206 S doi B B S e e e o i i i g

T-493

(104)

=v£0,

(105)

and (13)

that GB = BF = (GB)T . And by the same arguments as in Theorem

6, we have BGB=D—Vi-vTEB

2k » and

+ -
GBG = D' - D Dtv(vIp DTy Ly Tpt

+ -
-D v(vTD+D+v) 1vTD+D+

+ + + -
+D v(vTD D v) 2(vTD+D+D+v)vTD+

G .
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=2 A+ u'%t uT(AA+ + 1 - AA+) ,

My FF X T LTy
-ﬂ.‘,._“._,u.- .

by (2), (9), and (98),

=A+4+u é%-uT =D,

and
coc = (aa’ + Pa(aTPa)‘laTP)[A+ - Pa(2a'Pa) TuTa"

- Afu(ZaTPa)—laTP

SEER -~ SRoncue: - B

+ Pa(k(aTA+b + 1))(aTPa)-zaTP)

= aa'at - atatu(2aTra)"taTe

- Pa(aTPa)-laTPa(ZaTPa).luTA+

+ Pa(a'Pa) taTPa(k(aTa™s + 1)) (aTPa) %aTp ,

which by (3), and (9) : q

+ + - -
= A - A u(ZaTPa) laTP - Pa(ZaTPa) 1uTA+

Hi

C.

+ Pa(k(aTA+b + 1))(aTPa)-2aTP
+ +
Thus C=D . Let R=1-DD . Then by (103),

R=P - Pa(aTPa)_laTP
and
Rank(R) > Rank P - 1 .
Note that Rx = 0 for all x satisfying Px = 0 . Now by (96)

and (97), P(Pu) = Pu # 0 , but

R(Pu) = Pu - Pa(aTPa)-l(aTPa) 2
= by (102) ,

which implies

<
i
1
)
y
1
|
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= At - AA+u(2aTPa) -1.Tp

-l- uTA+ -u —l-

T +
7% u A

+u uTPa(ZaTPa)-l

-u L uTA+u(ZaTPa)-laTP

+ u o= uPa(k(a’A™d + 1)) (a"Pa)~2aTp

= aat - aatu(2aTra)~LaTp

1 1] T+
+ u[ﬁ - E]U A
+ U[?lﬁ('UTA"'u(ZaTPa)_l + 4k(a'A"b + 1)(23Tpa)-1)] i

T

Now u A+u = aTA+a + k2

bIA*b + 2k(a’Atb) , and by (99) it fol-
lows that

T 2

alata + kK*bTa™s = 2kaTa’s + 1) = ulatu = 4kalA’b + 2k

So

+ -
pc = AT - aaTu(2aTra) talp

+ u[%t (2a"Pa) "t (4k(a"a™s - aTA™n) + 2k)]aTP

AA+ + (I - AA+)a(aTPa)-1aTP

+ -
= A" + Pa(aTpa)LaTp , (103)
which by (5) is symmetric. Note also that C = CT and D=1D

Then from (13) and (103) it follows that

DC = CD = (CD)'
and (4) holds. Then

DCD = [A +u %% uT](AA+ + Pa(a’Pa) tap)

eaat e L T4, 1 oT T -1
AAA + u 2k uAA +u 7% u Pa(a Pa) “a
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where

and
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(i1)

(i11)
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Rank(B) = Rank(A) (100)

+ 4

+ 4 -1 T +
gt = p* - oDty DYv) IviD

- D+v(v p'p" v) 1 T +D+

+ D+v(vTD+D+v) 2 Iptp*ptvyvin’ (101)

:G’

a Pa a Pb
aTPb aTPb

e
[

a + bk ,

<
[]

a - bk ,

l T
=A+u P

o
|

p* = ot - PazaTra)tuTat

- A u(Za Pa) -1 T

+ Pa(k(aTatb + 1)) (aTPa)2aTp = ¢ .

Proof: Note first the following:

From (96) it follows that aTPa = aTPPa > 0 and so has an inverse.

T T’
From (98) it we get u Pa = 2a Pa, and Pv =0
T T
uPa=2aPa and Pv =0 . (102)

DC = [A +u-=—u ](A Pa(zaTPa)'luTA+ - A+u(2aTPa)'1aTP

+ Pa(k(aTA+b + 1))(aTPa)-2aTP)
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+ pu 2 AN GTa b ™At - (aTats + 1)Da

= At - AL ot - AL T % p~ 1T
- Pa %-w-lk-luT(A+ - A+vk-lvTA+)

+ Paw°2A'1k2(aTA+abTA+b - (afath + l)z)aTP

=G . ,“:

Let Q =1~ BG . Then by (95), i
]

Q=P - Pulu’pu) huTp , |

and by (14) ]
el

Rank(Q) 2 Rank(P) - 1 . ~

1

1

Now P(Pu) = Pu # 0 by (86) and (87), but 3
Q(Pu) = Py - Pu(uTPu)_luTPu =0, ;

"

Qx = 0 for all x satisfying Px = 0 . Hence

Nullity (Q) 2 Nullity (P) + 1 , which implies

Rank(Q) = Rank(P) - 1
which gives
Rank(B) = Rank(A) + 1 .
Theorem 9: 2
1f :
Pa # 0 , (96) g
e
Pb # 0 , (97) B
Pa = Pbk for some k # 0 , (98)
and
|
(a-bk) TAT (a-bk) - 2k = 0 (99)
-39 -
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Tl A S

T
Now B =Bl , G=Gl , BG= (BG)> , and (13) + GB = BG = (GB) ,

A

so (5) holds. So

1 T

BGB = [AA+ + Pu(uTPu)_luTP][A +u —Zli- uT AT 1
F = AA+A + AA+u % uT -v Zik vT + Pu(uTPu)_l(uTPu) Ell: u’r
E; =A+(I—A+A+A¢\+A)u-‘,2]tu'r--v-zl—kvT
i =A+uiu'r-v71iv'r

it
o
*

And

YT

GBG = [ATA + Pu(uTPu) LuTr)(at - atva~lyTat

- Paw—l)\-l % uT (A+ - A+v)\-lvTA+)

1,111,

- @& - Ao Yy ;

il

+ Py A 2 (aTA ab AT - (aTA™b + 1)2)alP)

.
E = A+AA+ - A+AA+V)\-]'VTA+
b
s
\ + A+A(A+ - A+V)\-1VTA+)U % )\—lw-laTP
}‘ - Pu(uTPu)-zuTPu)\-luT(A+ - A+v)\_lvTA+)
—
8
- + Pu(uTPu) T (uTPu) %-w‘zx'lszaTAAabTA+b - @8 + '
F‘-. = A+ - A+v)\_lvTA+
I': ' - (A+ - A+v>\-lvTA+)u % w—lk_laTP
3 - Pu % w_l)\-luT(A+ - A+v)\-lvTA+)
|
4
b.
b
{ - 38 -
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(1 - DD+)V = 0 and

vTD+v # 2k ,

and by the interlocking property of eigenvalues B will be indefinite if

vipty > 2k . (109)

Now by (108)
vTD+v = vTAfv + 2uTA+v + uTA+u + 2k
=4atata+ k> 2k, ¥k

by Lemma 1. Hence (109) holds.

Corollary 3:
If
Pa# 0,
and
Pb # 0 ,
then necessary and sufficient conditions for B to be positive semidef-
inite are:

(i) Pa = Pbk for some k > 0 , and

(i1) (a - bk)Tat(a - bK) < 2K (110)

Proof: By contraposition., There are three cases.

(i) Suppose Pa # Pbk for all k . Then the conditions of Theorem 7

~—~—

hold. Define
u=a+ bk and

v=a-bk for some k> 0.

Then Pu # O , u-%t o' is a positive dyad, D= A + u é% ur
- 52 -
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will be positive semidefinite, and Rank(D) = Rank(A) + 1 . Now

by (82) Rank(B) = Rank(A) + 2 , which will occur if and only if
(1 -p'D)vio.
1] T =
But v|- 7kx|V 1s a negative dyad. This with the above gives

Pa # Pbk for all k 1if and only if B is indefinite.
(i) Suppose Pa = Pbk for some k < 0, Then the conditions of Theorem

8 hold. Define u, v, and k as in Theorem 8. Then we have

R RIRPSL.

v[~ %%]VT is a positive dyad, Pv =0 , vTA+v -2k > 0, and by
Theorem 10, D = A - v f%'vT remains positive semidefinite, and

Rank(D) = Rank(A). By (89) Rank(B) = Rank(A) + 1 , which occurs

A

if and only if (I - DD+)u # 0. But for k<0, u-%t o' is a -

negative dyad. This with the above gives for Pa # 0, Pb # 0 , é

Pa = Pbk for k< 0 1if and only if B is indefinite. i
(iii) Suppose Pa = Pbk for some k > 0 and (110) does not hold. Then :

the conditions of Theorem 8 hold. Define u » V and k as in

Theorem 8. Then Pu# 0, Pv =0, D= A+ u-%t uT will be pos- i

itive semidefinite, and Rank(D) = Rank(A) + 1 . Now (89) gives

R RO

Rank(B) = Rank(A) + 1 , which occurs if and only if

(I - D+D)v =0.

e e e S L

B=D-v i v’ will be indefinite if and only if (110) does not hold.

Hence for Pa # 0, Pb # 0 ,

LA .

RS |
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p .

[ T, +
[ - Pa = Pbk for k>0 and vAv> 2k 4
{! if and only if B is indefinite. This concludes the proof. !
It will also be useful to note that eigenvectors (el,ez) and as- )
sociated eigenvalues (Al,lz) for abT + baT are ﬁ
a b _ T ;
e, 2 + “S] , Al =ab+ "a""b" and j
a b T ’
& Tr-Tyr Ao =2 - lallel | ;J
Proof: ]
a b i

i
o
>

T T T
(ab™ + ba )el m+ m (a b+ ||a||“b|]) = e 4
b

(abT + baT)e2 = -ITE-“' - Tl (aTb - lallel) = ohg

I
m
o

de L N ond n.

Note that abT + baT can be expressed as the sum of two symmetric dyads

involving e, and e, » namely, E

abT + baT = e Jéﬂﬂhﬂ eT + ez[- Jéjjhﬂ

1 2 1

1

2 ’

[ 3]
N
D
]
Aot AEERA

and that the first of these is the positive part of (abT + baT) .

Ad Lt

An algorithm for estimating the positive part of a symmetric

matrix A follows from the preceding results.

We assume that A is given as

4 A 2 ¢ _a_A_ = AEEMM a4 ¥ & F v a2 &

Q R
T T T
A= d.c.d, +
121 i%194 jgl (ajbj + bjaj)
S
T
+ Z t,r,t, ,
=1 L7472
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where
di’ i=19"°’Q ]
aj’bj s j=1,...,R , and 4
ty » £=1,...,8 are nx 1 vectors, i
and K
ci>0,i=l,...,Q and ;
r, <0, %=1,...,8 are scalars.
Denote
min(k,Q) T min(k-Q,R) T T
A = ) d.c.d; + )) (a;b, + b.a,) ¢« I(k> Q)
T A o je1 171 7 %1%

k-Q-R T
+ § t,r,t, * I(k> Q+R) ,

where I(+) is the indicator function,

I(s) = {1 if s is true
0 if s is false,

+
and denote Pk I- AkAk .
With each iteration the algorithm forms an estimate Ak of the

positive part of Ak and updates its generalized inverse. If during

the course of processing rank two perturbations, a summand is encoun-

p
4

tered which cannot be entirely absorbed without yielding Ak indefinite

or dropping the rank of Ak » the summand is separated into two symmetric

e AR L.

parts (one positive dyad and one negative dyad), and the positive dyad
is absorbed. The negative dyad is then added to the set of negative
dyads for possible absorption after all rank two summands have been i

processed. The algorithm proceeds in the following manner:
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Initialization

Set k=1,A0=o,M=Q+R+s,Y=¢,
Iteration k:

If k> Q go to *C*.

Set Ak = Ak—l + dkckdi .

Update A: . Set k=k+ 1 and go to °B-.
If k> M go to °He.

If k> Q+ R go to *F-.

Set L=k-Q.

If. P13y # 0 go to °De.

If Pk'_1 bz # 0 go to °*E-.

Compute Q = aEAk 122 ° bzA (alAk lbl + 1)

k- 1 L
If a2 0 go to *E-.

Set A = A _, + azbl + bya 9,

Update A: s set k=k+ 1 and go to *C-.

1f Pk-lbz = (0 go to *E-.
T

Compute B = a,Q,Pk-le, / b'Jll‘.Pk-le, .
If B< 0 go to *E-.

If Pk 12 # Pk 1 2 R gO to sE-.

Compute y = (az - bz'B) A:_l(az - hz-B) - 28 .

If vy> 0 go to <Es,
Set A Ak- + a, b + bl g
Update A: » set k=k+ 1 and go to *Ce.

Compute

- 56 -
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v=a"* ]%] -b - ]%W , and
o = Jallbl

2 L]
Set A = Ak + umu’
k -1 )
Update A; , set k=k+ 1.
Set M=M+1, tM =V, Ty = -T , and go to °*C-.
*Fe If k> M go to °*H-.
Set 2 =k-Q-~-R.

If =0 go to *G-,

Pe1%y
set A=A _ A=A LY=YUulL}.

Set Yg = Pk—ltl » k=k+ 1l and go to °Fe,.
A T+ -1
G* Compute T, = maxCrZ, -(tzAk—ltl) ).
A T+ -1 +
If 1, ’("zAk—ltv,) , set Z =2 U {1}, zg = A tg -
= 2 T
Set Ak Ak—l +toryt, .
Update A: » set k=k+ 1, and go to °*F-.

*He Set A= AM . End.

In the manner of Emami and McCormick (1978) and Sofer (1984), we
can observe the following:

Note that for k> Q+ R,

‘f T
A= + t.r.t, .
Aot L 5T

Since rj <0 forall j>Q+ R , we see that

xTAx<xTAx<xTAkx,vx,k>Q+R. (111)

Thus A may be considered an overestimate of A in that A - A is

- 57 -




T-493

positive semidefinite, and we find that all directions of positive
curvature for A are also directions of positive curvature for A apd 9
all directions of zero curvature for A are directions of nonpositive

curvature for A .

At the conclusion of the algorithm the set Y will contain the
indices of those negative dyads (some of which were separated out from
rank two summands) which could not be absorbed, and the set Z will
{] contain the indices of those negative dyads which caused a rank decrease

in forming A .

ii Now for each Yo = Pk—ltl , 2€Y and k=Q+ R+ 2, it fol-
o lows from (111) that

1 T T T T T 2

< =

: gAYy S YAy 1p + Ogtdre(tgyp) = (5B 1t 1y <0

F Hence each Yq will be a direction of negative curvature for A .

: Also note that by construction, the vectors zg » 2 eZ, are

|

1 directions of zero curvature for Ak , (k=Q+ R+ L), since for each £
éi T T+ T,+ -1.T +

| 2 A2, = A [Ak_l + tzc-(tlAk_ltz) t"):l Aqtg=0. (112
X So from (112) we see that

; ’ T T T AT

F’ zgAz, < zzAkz2 + zztz(rl - rl)tzzz

¥ T, + 2 n

. = (tzAk-ltl) (rz - rz) €0, Lez,

. and each z, will be a direction of nonpositive curvature for A .

If T, < ?2 , 1t will be a direction of negative curvature for A .

e

From (111) we also see that any direction of zero curvature for .

"
Ak(k > Q+ R) 1is also a direction of zero curvature for A and so all '

directions x € {zz, Lez}u {yl’ £ € Y} are directions of zero curva-

ture for A .,
- 58 -
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The preceding algorithm is much in the spirit of that of Emami
and McCormick (1978) with the following exceptioms:

(a) The Emami-McCormick algorithm presupposes that all rank two summands
have been decomposed in some manner into symmetric dyads. 1In the
algorithm above, rank two matrices are decomposed and the positive
part absorbed only if absorbing the whole summand at that stage of
the algorithm would decrease the rank of A or leave it indefinite.

(b) Rank two summands, when decomposed, are divided into positive and
negative parts employing their spectral decomposition. Thﬁs at any
stage of the algorithm, if only part of a rank two summand can be
absorbed, "all" of its positive part is absorbed. It is hoped that
this approach will yield in some sense a more accurate estimate of
the positive part of A . That it will in the trivial case can be

seen by the following example.

4 1

is indefinite, with one positive and one negative eigenvalue.

Suppose A =0, a = [3} and b = [0] . Then A + ab'r + baT

Now also suppose that (abT + baT) is decomposed into two sym-

metric dyads

1 T
usu + v(- %]VT » where

u=a+b-= [g] and v=a~-b = [g)

(this is commonly done). By the algorithm above,
At Iteration 1,

Pp=1, Pja=a #0, Pb=b#0,

Poa # Pobk for all k ,
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lal =5, o] =1.

So

e (e @9 )
- [g] 2.5 (.6,1.8) .

At - [l'g] .0309 (.6,1.8) .

At Iteration 2,

+ .9 -,
Py = @ -AAD = [-.3 : :l

.6
Pt = [_.2] # 0

and the algorithm terminates with A = Al = the positive part

of A.

By the Emami-McCormick algorithm,

At Iteration 1,

I, Pu=u#0, so
At Iteration 2,

. [ .14706 -.44118 _ (-.46118
1 [—.44118 .26471] BV [-.52941] £0.

The negative dyad cannot be absorbed and the algorithm terminates

% (3,5) , and

P0 =
A =
AI - .0017 (3,5) .

wvw W

with the estimate A = Al # the positive part of A .
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